Un intervalle [a; a + d] d'entiers naturels vÃ eriÿe la propriÃ etÃ e de n'avoir aucun Ã elÃ ement premier avec simultanÃ ement ses deux bornes si aucun de ses Ã elÃ ements, Â a savoir a + 1; a + 2; : : : ; a + d − 1, n'est premier avec les deux extrÃ emitÃ es a et a + d Â a la fois. Nous montrons que l'ensemble des tels a et l'ensemble des tels d sont rÃ ecursifs. Le calcul des premiers d conduit Â a poser de nombreux problÂ emes ouverts.
Enunciation of problems
Introduction. Many interesting problems in number theory emerge from the thesis of Alan Woods [10] . The most famous of them is now known as Erdős-Woods conjecture, after its publication in the book of Guy [4] . It is Erdős-Woods conjecture. There exists an integer k such that integers x and y are equal if and only if for i = 0 : : : k, integers x + i and y + i have same prime divisors.
This problem is a source of an active domain of research. In relation with this problem, Alan Woods had conjectured [10, p. 88 ] that for any ordered pair a; d of natural numbers, with d¿3, there exists a natural number c such that a¡c¡a + d and c is coprime with a and with a + d. In other words:
where we denote by ⊥ the coprimality predicate, notation introduced by Julia Robinson. Also, sometimes, we shall use the most traditional notation (a; c) = 1.
Very quickly, he realized the conjecture is false, ÿnding the counterexample 2184; 16 (published in [2] ). In 1987, David Dowe proved in [2] that there exist inÿnitely many such numbers d. We call Erdős-Woods numbers such numbers d.
The main aim of this paper is to prove that the set of Erdős-Woods numbers is recursive. A second aim is to give the ÿrst values of Erdős-Woods numbers and to show there is a lot of natural open problems concerning these numbers.
Notation. Let us denote by NoCoprimeness(a; d) the property:
Let begin by some remarks.
Remarks. (1)
The relation NoCoprimeness(a; d) is recursive: it is easy to write a program to see whether an ordered pair belongs to it.
(2) The set { a; d =NoCoprimeness(a; d)} is inÿnite.
We know an element 2184; 16 of this set. It is easy to show that for every k¿0, the ordered pair
is also an element of this set, where P denotes the set of primes.
(3) The two unary relations, projections of NoCoprimeness(a; d), deÿned by ExtremNoCoprime(a) i ∃d NoCoprimeness(a; d);
are recursively enumerable: it is easy to write a program to list elements of these sets (but not in natural order, unfortunately).
Our main aim is to prove these relations are recursive. Before this, let us prove two properties. Proof. Let d be an element of AmplitudeNoCoprime. Let a be an integer such that NoCoprimeness(a; d). We have a ⊥ a + 1 hence ¬(a + 1 ⊥ a + d). There exists a prime p such that p | a + 1 and p | a + d, and p divides the di erence d − 1.
Symmetrically, there exists a prime q dividing a, a + d − 1, and d − 1. The primes p and q are di erent because p does not divide a.
Corollary 2. N\AmplitudeNoCoprime is inÿnite.
Proof. The claim holds because 2 n + 1 belongs to this set for any natural number n. More generally, this is true for p n + 1 for any prime p.
Recursivity of ExtremNoCoprime
Recursivity of ExtremNoCoprime is a consequence of the following result. Proof. If a6d, there exists a prime number p 0 such that
using the Bertrand-Chebychev Theorem. Then
There exists a prime number q such that (i) q | p 0 and q | a; or (ii) q | p 0 and q | a + d.
In both cases, q | p 0 hence q = p 0 . In case (i), we have p 0 = q | a, but a¡p 0 , which is a contradiction. In case (ii), we have
which is a contradiction.
Corollary. The set ExtremNoCoprime is recursive.
Proof. Corollary results of the fact that, for a given number a, it is su cient to test whether we have property NoCoprimeness(a; d) for the ÿnite number of d such that d¡a.
We will see later (Section 5.2) that the ÿrst values of ExtremNoCoprime are big integers. Since it is di cult for a human being to guess properties of a set of big integers, we cannot formulate natural questions about the set ExtremNoCoprime. We will see that the situation is di erent for AmplitudeNoCoprime.
Recursivity of AmplitudeNoCoprime
Notation. For a positive integer n, let denote by (n) the product of primes less than n. For instance, we have: 
Proof. Let a be a natural number such that NoCoprimeness(a; d).
Let a be the remainder of a modulo (d − 1):
and 06a
For a natural number c such that:
let us write c = a + i, with 0¡i¡d. Let us prove that:
If a prime p divides a and a + i then p divides i, hence p¡d − 1. We deduce that p divides simultaneously a and a + i i p divides simultaneously a and a + i. We have also:
Hence NoCoprimeness(a; d) holds i NoCoprimeness(a ; d) holds. This proves the proposition.
Corollary. AmplitudeNoCoprime is recursive.
A better algorithm to decide AmplitudeNoCoprime
In the last section we have proved that AmplitudeNoCoprime is recursive. Unfortunately, the algorithm associated to this proposition is not e cient for two reasons: the function d → (d − 1) is too rapidly growing hence complexity (in time) is not good and a program has to use very long integers. Indeed an approximation of (n) is n!, hence we have to test on n! integers of size n log(n).
In this section we give another algorithm: there is no dramatic improvement of the complexity but we may implement it with the usual integers of a standard programming language (we may use the language C, for instance, without having to implement arbitrary precision integers).
Some attempts for searching Erdős-Woods numbers led to the following combinatorial characterization of AmplitudeNoCoprime. Let a; d such that NoCoprimeness C is not empty because 1 ∈ C. Hence B is not empty.
If i ∈ C, let P(i) be the smallest prime p such that p | a + d and p | a + i. If P(i) | i then P(i) | a and P(i) | d, hence P(i) ∈ A 0 , absurd. Hence P(i) ∈ B.
If i = ∈ C, then: (a) ∃q ∈ A 0 such that q | i; or (b) (a + i; a + d) = 1.
In case (a), let P(i) the smallest p ∈ A 0 such that p | i. Hence P(i) ∈ A. In case (b), we have (a; a + i) = 1, by deÿnition of NoCoprimeness. Hence there exists a prime p such that p | a and p | a + i. If p ∈ B, there exists i 0 ∈ C such that p | a + i 0 and p | a + d, hence p | d and p | a; we have p ∈ A 0 , contrary to deÿnition of B. Hence p ∈ A.
Let P(i) the smallest such prime. (ii) If P(i) ∈ B then P(i) = ∈ A 0 , P(i) | a + i, and P(i) | a + d. Hence P(i) | a + i + P(i) and P(i) | a + d, hence i + P(i) ∈ C. We have P(i + P(i)) = P(i) because we have chosen the smaller prime verifying a certain condition.
The sets A and B are nonempty by Proposition 1.
Su ciency of condition (i), (ii): Consider the set of conditions:
for p ∈ B and every corresponding integer i. We use the theorem of Chinese remainders to ÿnd an integer a which is suitable: for a given p, we have many integers i such that a + i ≡ 0 [p] but the condition of compatibility (ii) shows it is not important.
Computations, applications, and open problems
The main part of our paper (Sections 2 and 3) consists of proofs that the sets ExtremNoCoprime and AmplitudeNoCoprime are recursive. In this section we report on the computation of the ÿrst elements of AmplitudeNoCoprime, which leads to interesting remarks.
The cited results (with personal communication label) are not published. Dates given here are important for priority reasons. The reference to the Erdős-Woods sequence in The On-Line Encyclopedia of Integer Sequences:
http://www.research.att.com/ njas/sequences/ is a good location to follow works in progress.
First elements of AmplitudeNoCoprime
Proposition 4 allows to implement an algorithm (in language C) to compute ÿrst elements of AmplitudeNoCoprime. The algorithm is not very e cient, but it allows to test quickly the ÿrst six hundred integers. We obtain the beginning of the set AmplitudeNoCoprime: 
About some patterns in AmplitudeNoCoprime
Immediately we remark some patterns in AmplitudeNoCoprime, more exactly in the beginning of this set. We ask about the appearance of these patterns in the full set. Here we report on the state of art at our knowledge, without proofs: counterexamples are not found by a simple application of the above algorithm, its complexity does not allow it.
On odd elements of AmplitudeNoCoprime: Dowe [2] has found an inÿnite subset of AmplitudeNoCoprime, every element being even. He conjectures every element of AmplitudeNoCoprime is even. Marcin Bienkowski, Mirek Korzeniowski, and Krysztof Lorys, from Wroclaw University (Poland), have found the counterexamples d = 903 and 2545 by computation [1] , then a general method to generate many other examples He found other ones (d = 907 and 909), proving that the su cient condition of [5] is not necessary. Also he discovers that the solution d = 903 is an old result from Erdős and Seldfridge [3] .
On even squares of AmplitudeNoCoprime: We see, in scanning the above list, that every even square but 4 appears at the beginning. However 676 = 26 × 26, 1156 = 34 × 34 [7] and 1024 = 32 × 32 [9] are not Erdős-Woods numbers.
On prime elements of AmplitudeNoCoprime: An Erdős-Woods number may be a prime number as 15 493 and 18 637 show it [8] .
Open problems
The above list of ÿrst elements of AmplitudeNoCoprime suggests a great number of open problems, curiously similar to problems for the set of primes.
We may implement a program to compute, for an Erdős-Woods number d, the smallest associated extremity a. Numerical experiments suggest that 2 | a + 1 whenever the amplitude d is even, hence 2 divides a. Is it a general property?
The solution a; 903 , with the a found by Nik Lygeros, shows it is not the case for d odd.
Open problem 1 (Even extremity for even amplitude). Passing from patterns in AmplitudeNoCoprime to complexity, we may remark the algorithm we have given to decide whether an integer belongs to AmplitudeNoCoprime is worst than exponential. It is interesting to improve it if it is possible.
Open problem 5 (Complexity of AmplitudeNoCoprime). To which complexity classes does AmplitudeNoCoprime belong?
Open problem 6. Find a lower bound for AmplitudeNoCoprime. Also we may ask for questions Â a la VallÃ ee-Poussin-Hadamard.
Open problem 8. Find a (simple) function f such that
Passing from the complexity to the density of the set AmplitudeNoCoprime, let denote by (n) the cardinality of the set {d6n | AmplitudeNoCoprime(d)}.
Open problem 9. Is the density of AmplitudeNoCoprime linear? More precisely
The last open problems we propose concern Logic, more precisely Weak Arithmetics. Problems of deÿnability and decidability are important: Presburger's proof of decidability for the elementary theory of N; + implies that a set X ⊂ N is deÿnable in N; + i X is ultimately periodic; the negative solution given by Matiyasevich to Hilbert's Tenth Problem relies on the fact that exponentiation function is existentially deÿnable in N; +; • . In the same way, the following problems deserve consideration.
Open problem 10. Is the theory Th(N; NoCoprimeness; R) decidable? where R is some relation or function to specify (the addition + is an interesting candidate).
At the opposite, we may search for undecidability.
Open problem 11. Is the theory Th(N; +; AmplitudeNoCoprime) def-complete (i.e. is multiplication deÿnable in the underlying structure)?
